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Abstract
This paper describes flexible tools for specifying design variations that are based on nonuniform
profile tolerance definitions. These tools specify bounds of design performance that can be used for
negotiation among engineers in a collaborative design process. These specification methods allow
for the capture of many different design functions that are not easily described with current tool
designs. In addition, these specification methods lend themselves to efficient verification methods.
Profile tolerance definitions provide the most general variation controls for complex mechanical surfaces. Common design practices and engineering standards for profile tolerances exhibit many weaknesses and limitations. We present a rationale for a complete specification approach using B-splines
[1, 2] for profile tolerances, and illustrate the approach with examples. B-splines can be used to specify both uniform and nonuniform profile tolerance boundaries. Subsequently, algorithms for the
evaluation of actual feature deviations and reporting methodologies for such tolerance zones are
presented.
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1 Introduction
The constant drive to create products that provide higher levels of performance and aesthetics has led to the design of complex shapes and part features. A common example is
the airfoil design. Subsequently, manufacturers face the challenge of producing these parts
in bulk, within the geometric variability specification and with little human intervention
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to lower costs. They need to process tolerance information to perform analysis, synthesis,
process planning, measurement, and verification. Computer-based tools facilitate the efficient execution of these tasks [3–7]. The foundation for the development of these tools lies
in strong mathematical methods to specify and construct tolerance zones.
Profile tolerance specification is a powerful method that is extensively used to specify
complex freeform and simple features. (Spheres and rectangles are examples of simple features as they can be defined by explicit equations). Profile tolerances are powerful since
they offer the ability to simultaneously control size, form, and position tolerances.
Currently, uniform offsets are used to specify profile tolerances. In uniform offsets, all
points on the nominal feature are offset in the normal direction by the tolerance value, and
the extreme points are joined to give the boundaries of the tolerance zone. There are two
variants: (1) the ASME [8]; and (2) the ISO [9]. In both these cases, however, problems arise
in composing the tolerance zones of two adjacent features (as shown in Fig. 1(a) for ASME
and Fig. 1(b) for ISO). Figure 1 (a) and (b) show one of the many potential design intents
(excluding the undesirable regions) and how it cannot be met with the current standard
definitions. The cause for this ambiguity can be attributed to the singular points [10]. The
impact of this composition problem can be observed in the tolerance zone specification of
real world parts. One example is the bent pipe that requires a varying tolerance boundary
along its feature, as shown in [11]; another example is the airfoil in Figure 2. The airfoil
also highlights the case of blending multi-tolerance zones of a single feature. Other challenges of the current specifications are discussed in detail in [10–12].

Figure 1. Undesirable zones in composition of features

Figure 2. Desirable smooth tolerance boundaries
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Additionally, designers should be given flexible tools to communicate their design intent without ambiguity. Such a tool should be portable in the manufacturing establishment
to allow collaboration and discussion in a digital manner and enable the measurement of
actual parts with coordinate measuring machines (CMM).
In this paper, we discuss the development of a flexible tool using B-splines for the specification of tolerance zones that provides a means for the unambiguous communication of
design intent and measurement. A short literature survey is presented in the next section
followed by a review of B-splines. Then we show the application of B-spline for the specification and describe two different algorithms for the measurement of actual deviations
and a method for reporting the results.
2 Literature survey
Many methods are currently available to computationally construct uniform tolerance
zones for freeform surface features [10]. Offsets obtained by manipulating the implicit
equations constitute one group [13]; while offsets via Minkowski sums [14] are another.
The third group consists of uniform offsets of base curves, which are called “B-splines”
[15]. Although Minkowski offset and base surfaces defined by B-splines can describe a
wide range of shapes, they do not fulfill the entire required range. Nonuniform offsets are
not feasible with the above methods. In industries, for the special requirements described
earlier, nominal offsets for critical sections of the part are specified, and the rest of the
sections are either qualitatively judged or multiple parameters are used to verify conformance. In our airfoil example, the leading and trailing sections will only be specified. For the
midsection, the maximum included circle is determined.
Cardew-Hall et al. [16] reported the use of a low-degree B-spline to join manually selected points on the tolerance boundary with straight lines for proof machining tolerances.
This results in nonuniform offsets. Measurements of actual feature deviations and conformance verification of tolerances typical of current practices were not extracted or carried out. However, higher-degree B-splines that offer good controls, smooth boundaries,
and accuracy in specification are required. New tools and methods are presented in this
paper that apply recent methods of stationary point computation for measurement. The
method presented in this paper can be utilized to describe advanced profile tolerance specification requirements.
3 B-splines for profile tolerancing
3.1 Review
There are many different mathematical curves and surfaces with applications in computeraided geometric design (CAGD curves) for the construction of part features or surfaces.
Table 1 illustrates the difference in properties of a selected list [2] of commonly used CAGD
curves. A ““ indicates that the curve possesses the desirable properties for the specification of tolerance boundaries, and an “×” denotes a lack of it.
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Table 1. CAGD curves versus desirable properties for tolerance boundary specification
Lagrange
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Bézier

B-spline
any type
k=2

B-spline
uniform
k>2

B-spline
periodic/clamped
k>2

Convex hull

×

×
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×

×
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curve
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×

×
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Smooth transition
of curve







×


(Excellent)
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Curve passing
through all points
on the curve





×

Techniques
available

Techniques
available

Techniques
available

From the comparison of parameters such as ease, control in the graphical specification,
and interpolating a given set of points (see Table 1), we conclude that the clamped/open
type of B-spline is optimal to meet most requirements for the specification of both uniform
and nonuniform profile tolerance boundaries. It possesses excellent properties for ab initio
design, as the shape of the curve or feature can be modified in a predictable way.
The general form of B-spline for a 2D curve [1] is given by:
𝐵𝐵(𝑡𝑡) = ∑𝑗𝑗 𝐵𝐵𝑗𝑗,𝑘𝑘 (𝑡𝑡)𝑃𝑃𝑗𝑗 ;

0≤t≤1

(1)

where P = [Pj] is the array of control points; B(t) = [Bj(t)] are the blending functions; and K
is the knot vector obtained from the particular B-spline formulation. In Figure 3, the control
points of the tolerance boundaries
𝑃𝑃1𝑡𝑡+ ~ 𝑃𝑃3𝑡𝑡+ and 𝑃𝑃1𝑡𝑡– ~ 𝑃𝑃3𝑡𝑡–

are shown. These control points are positioned with respect to the datum origin. The nonuniform blending function that creates boundaries with straight lines joining control points
is used. The figure also shows that other blending functions can also be incorporated; a
blending function to create a curved boundary is shown as an alternative curve. By interactively selecting the control points and the parameters for the blending function, userdefined nonuniform profile tolerance boundaries can be created. The same can be achieved
for 3D surfaces. The general form for a B-spline [1] surface is given by:
𝐵𝐵(𝑢𝑢, 𝑣𝑣) = ∑ 𝑖𝑖 ∑ 𝑗𝑗 𝐵𝐵𝑖𝑖,𝑗𝑗 (𝑢𝑢)𝐵𝐵𝑗𝑗,𝑙𝑙 (𝑣𝑣) 𝑃𝑃𝑖𝑖𝑖𝑖 ;

0 ≤ u ≤ 1;

0≤v≤1

(2)

where the parameters k and l are knot vectors for u and v directions, respectively.
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Figure 3. Nonuniform profile tolerance specification

3.2 Nonuniform profile tolerancing
Nonuniform profiles require variations in the set of rules to validate the feature’s actual
conformance in tolerance zones and in reporting deviations. In Figure 4, the difference in
the observation of deviations is illustrated. In Figure 4(a) (uniform tolerance zones), the
highest observed peak or valley is all that is required, since it indicates its position in the
tolerance zone.
However, for nonuniform tolerance boundaries (Fig. 4(b)), meaningful information cannot be extracted from a single value. One potential format to report and visualize deviations is indicated in Figure 4(c). Here, magnitudes of the individual markers (vectors) are
determined from the L/D ratio. The deviations can also be normalized to extract a single
value, if necessary; this is another potential method. Apart from the above information, the
regular rules for feature acceptability remain the same.

Figure 4. Deviations in nonuniform boundaries

To determine if a measured actual point is inside the tolerance zone requires stationary
point computation. Stationary point is the point on the B-spline curve that is the closest to
an arbitrary point. This helps to determine the location of an arbitrary point with respect
to the B-spline curve. This information is also essential to edit the boundaries during the
design and collaboration stage. Stationary point computation is not trivial, but it can be
achieved with reasonable computing resources. This is discussed in section 3.3.
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3.3 Actual feature validation algorithms and measurement
Stationary point computation is important in the implementation of this specification
methodology. A formal representation is presented below.
The squared distance function between an arbitrary point AP0[x0, y0, z0]T and a curve B(t)
(in 3D) is given by the equation:
D(t) = |AP0 − B(t)|2

(3)

Likewise, the distance function between a point and a surface B(u, v) is given by:
D(u, v) = |AP0 − B(u, v)|2

(4)

The t or the u, v values corresponding to the stationary point satisfy the condition ∇D = 0.
Processing the ∇D = 0 operations for equations 3 and 4 results in the following:
Dt(t) = (AP0 − B(t)) • Bt(t)

(5)

(Here Dt(t) represents the differentiation of equation 4 with respect to t, and “•” represents the dot product.)
Du(u, v) = (AP0 − B(u, v)) • Bu(u, v) = 0

(6)

Dv(u, v) = (AP0 − B(u, v)) • Bv(u, v) = 0

(7)

and

The roots from equations 5, 6, and 7 will give the stationary points on the curve. However,
equations 5 through 7 are nonlinear. Alternative methods are required to determine the
stationary point. In this paper, we present two approaches to the stationary point computation. The first detects multiple stationary points if they exist; the second detects only one
point, but it is easier to implement. For tolerancing purposes, detection of multiple stationary points is not required, as the boundaries of tolerance zones are not supposed to selfintersect. The first method is the projected polyhedron algorithm, and the second is based
on the binary subdivision method.
3.3.1 Projected polyhedron (PP) method
Partrikalakis et al. [15] have developed this procedure, and the complete methodology is
available in their book. Only the basic procedure is explained here. An example curve representing equation 5 is presented in Figure 5. The curve intersects the t axis at the root, and
this point has to be determined. The algorithm proceeds by first determining the convex
hull of the curve. Next, the t values at the intersections of the t-axis and the convex hull are
noted. The convex hull intersects the t-axis at t1 and t2. The section of the curve between
the two t values is extracted and converted to B-spline/Bezier format, and the above steps
are repeated until the convex hull collapses to a very small size, as per a preset tolerance
value.
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Figure 5. The projected polyhedron algorithm

A similar procedure is followed in determining the roots of the stationary point of surfaces. Two 2D convex hulls obtained from projections of the control points on the opposite
planes of the coordinate frame have to be computed and subdivided. Additional distance
computations between the given point and the corners of the surface have to be determined. By comparing the distances from the above computations, the root is established.
This method is useful in determining multiple roots. Additional work with regard to
numerical stability has been carried out; this has resulted in the interval PP algorithm [15].
3.3.2 Binary subdivision method
Figure 6 explains this procedure. It shows a section of the curve between two subsequent
nonrepetitive knot values, tp and tq. It also shows the given point AP0 for which the stationary point on the curve has to be computed. The knot values are parameters on the t line
that are obtained from the B-spline formulation. We start by subdividing the knot interval
to obtain r at (tq – tp)/2. Next, we compare distances between r + Δt and from r − Δt to AP0 to
determine the section of the curve that is closer to the given point: either tp ≤ t ≤ r or r ≤ t ≤ tq.
(The distance computation is not straightforward, and this is discussed later in this section.) The value of Δt is arbitrary, and a smaller value would result in better accuracy. We
choose the section of the curve that is closer and repeat the subdivision and selection process.

Figure 6. Binary subdivision method
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The subdivision process is repeated until a preset minimum value is met. As the subdivision process proceeds, the distance between AP0 and the closer section, either r − Δt or
r + Δt, is monitored. If the change in the distance between subsequent subdivisions is less
than the minimum value, then we stop and record the value of t. We repeat this process
with each nonrepetitive knot interval and determine corresponding t values that are closer
to the given point. The distances from the recorded set of t values (reduced set) are compared to establish the stationary point. The complete pseudo-code for 2D and 3D stationary
point computation is resented in [12].
Distance normalization. Distance computation between the arbitrary point and the curve
is not straightforward because of the poor parameterization of the B-spline curve. This can
be observed from a hypothetical case, as presented in Figure 7. The points on the curve
corresponding to r + Δt and r −Δt that is computed from the B-spline function are not
equally disposed about the computed point r. This may lead to wrong decisions in terms
of which section of the curve should be discarded. The section with the point r + Δt (Fig. 7)
will be incorrectly chosen if the normalization is not carried out.

Figure 7. Normalization before distance computation

We normalize the distance and determine the point r + Δ′t or r – Δ′t (here r – Δ′t) by
interpolation before the decision to discard a section. The computational times for this algorithm are presented in section 4.
4 Examples and results
The binary subdivision algorithm was implemented and tested on several examples both
for 2D and 3D curves and surfaces. Figure 8 illustrates an example for a 2D curve and a 3D
surface.
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Figure 8. (a) Example feature, (b) deviations, and (c) deviations on a 3D surface

The algorithm was tested with B-splines that had a comparable explicit form, such as a
straight line and a circle. Errors smaller than 10−10 were observed. This compares well with
the tolerance preset that stops the search for the roots. In the example, the base curve and
the outer boundaries were all described by clamped B-splines. The times for computing a
stationary point depends on the number of control points, degree, and the preset minimum
value. For instance, a seven-point degree-two 2D curve, the program took about 75 ms
CPU time on a 450 MHz Windows PC. For a simple 3D surface with 16 points and degreeone curve, the CPU time was 100 ms. These times indicate that the tolerance boundary
editing and measurement of actual features can be carried out in reasonable time.
Figure 9 shows a Web-based implementation. This application was developed using
Java Technologies to build a Java Applet [17–19]. This applet was used to test different
algorithms. Control points were input manually to draw the nominal feature. Subsequently, the interpolating algorithm from [1] was applied to draw the inner and outer
boundaries with the points on the boundaries and the curve parameters. Additional editing was also carried out. In the evaluate mode, the binary subdivision program was used
to calculate the stationary points on LMC and MMC boundaries.
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Figure 9. Web-based implementation

5 Conclusions
Nonuniform tolerance boundary specification is an important tool for designers and for
collaborative manufacturing environments. It provides the flexibility to edit and modify
the tolerance boundaries specific to a manufacturing environment and product functionality. Among various CADG curves, clamped B-spline curves were shown to be the most
appropriate for this specification, as illustrated in the examples. The B-spline, however, is
a nonlinear polynomial function. Thus, the evaluation of deviations of actual measured
points is difficult and requires alternative methods. Two different approaches to the evaluation within a reasonable timeframe were presented. A Java applet was created to demonstrate the procedure involved in the specification and evaluation.
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